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Classical modular forms

Write H2 = {x + iy | y > 0}. A classical modular form is a function
f : H2 → C satisfying

1 f (z) is holomorphic;

2 f ( az+b
cz+d ) = (cz + d)k f (z) for all γ = ( a b c d ) ∈ Γ ≤ SL2(Z);

3 f (z) is “holomorphic at the cusps” (boundedness)

The group Γ is called the level, and k is called the weight.
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A classical modular form

Let f (z) = η(2z)2η(3z)2η(14z)2η(21z)2

η(z)η(6z)η(7z)η(42z) − η(z)2η(6z)2η(7z)2η(42z)2

η(2z)η(3z)η(14z)η(21z) .

This is the cusp form with LMFDB label 42.2.a.a.
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How to think about Bianchi modular forms I

Q ⇝ K
Z ⇝ ZK

SL2(R) ⇝ SL2(C)
SO(2) ⇝ SU(2)

H2 ⇝ H3

f : H2 → C ⇝ F : H3 → Cr
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How to think about Bianchi modular forms II

Geoffrey Hinton:

To deal with Bianchi modular forms, imagine a classical modular form and
say “imaginary quadratic field” to yourself very loudly. Everyone does it.
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A more formal definition

A Bianchi modular form is a function F : H3 → Cr satisfying

1 F is harmonic;

2 F satisfies a transformation property;

3 “boundedness at the cusps”

Weight 2: Let τ = (z , t) ∈ H3, γ =

(
a b
c d

)
∈ Γ ≤ SL2(ZK ). Then,

writing r = cz + d , s = ct,F0(γτ)
F1(γτ)
F2(γτ)

 =

 r2 2rs s2

−rs r r − ss rs
s2 −2rs r2

F0(τ)
F1(τ)
F2(τ)


up to some “en-nice-ening”.

Transformation rule is given by a representation of SU(2).
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Visualising Bianchi modular forms

https://lewismcombes.github.io/pages/misc/bianchi_images/

visualising_BMFs.html
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Compared to classical modular forms

Bianchi modular forms have

Fourier (-Whittaker) expansions

Hecke operators

newforms & cusp forms

Galois representations

Eichler-Shimura isomorphism

L-series

modular symbols

But there is still a lot we don’t understand.
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Open problems I: dimension formula

Since H3 is 3-dimensional over R, there is no algebraic geometry to exploit.
Classical dimension formula comes from Riemann-Roch. No formulae for

dimMk(Γ0(n)), dimSk(Γ0(n))

are known.

This problem is probably quite hard.
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Open problem II: connection to elliptic curves

When F is a weight 2 Bianchi cusp form (+the usual criteria), one
expects∗ to find an elliptic curve E such that

L(F , s) = L(E , s).

No general construction is known.

This problem is probably very hard.
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Open problem III: the torsion phenomenon

Eichler-Shimura: Bianchi forms can be found in H1(Γ,V ). Due to torsion,
we often have

dimH1(Γ,Fp) > dimH1(Γ,C).

i.e. there are mod p modular forms that don’t lift to characteristic 0.

In 2015, Scholze proved these classes have their own Galois
representations, so they should somewhere into the Langlands program.

1 Some of them lift to characteristic 0 at higher level Γ′ ≤ Γ, but some
seem not to. But nobody knows.

2 Their periods “should” relate to ranks of Selmer groups (a la BSD),
but this is also not known.

3 Probably other things too.
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Open problem IV: Your favourite property of classical
modular forms

Philosophically, things that are true for classical modular forms “ought to
be” true for Bianchi too (although some are not).

⇝ whatever you know about classical modular forms, it is probably open
(and requires actual work to formulate and prove) for Bianchi modular
forms.
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Why should you care?

1 Important test case for general conjectures (fairly easy to work with,
fairly hard to understand)

2 Deveop your understanding of the subtleties of automorphic forms

3 “Easy” to study—any question about classical can be asked about
Bianchi (write papers = get job)

4 Everyone else is going to study them. You don’t want to be left
behind, do you?
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